Introduction
The experience of the last few years has fully borne out the fact that the integer order calculus is not as widely used as fractional order calculus in some fields such as chemistry, control theory, and signal processing. On the remarkable survey of Agarwal, Benchohra, and Hamani [1] it is pointed out that fractional differential equations constitute a fundamental tool in the modeling of some phenomena (see also [2] [3] [4] ). The use of fractional order is more accurate for the description of phenomena, so the study of fractional differential equations becomes the mainstream with the help of techniques of nonlinear analysis. We refer the reader to for recent results. For example, in [9] , the author studied the following fractional differential equation:
( ) + ( , ( )) = 0, 0 < < 1,
with boundary conditions (0) = (0) = 0,
where ∈ (2, 3] , ∈ [0, 1), and is the Caputo derivative. They solved the above problem by means of classical fixed point theorems.
In [5] , the boundary value problem for the following nonlinear fractional differential equation was discussed:
0+ ( ) + ( ) ( , ( ) , ( )) = 0, 0 < < 1, 
where 0+ is the Riemann-Liouville differentiation, ∈ (3, 4] . By using a fixed point theorem, a new result of the existence of three positive solutions is obtained.
In [15] , the authors investigated the following class of BVP:
0+ ( ) = ( , ( ) , 0+ ( )) , 0 < < 1, (5) with boundary conditions
Journal of Function Spaces where ∈ (2, 3), ∈ (1, 2), : [0, 1] × × → is a given function, and 0+ denotes the Caputo differentiation. The author investigated this problem by using Banach contraction principle, Leray-Schauder nonlinear alternative, properties of the Green's function, and Guo-Krasnoselskii fixed point theorem on cone. Similar problems can be referred to in [25] .
In this paper, we investigate the eigenvalue problem for Caputo fractional boundary value problem with RiemannStieltjes integral boundary conditions
where ∈ (2, 3), :
is the Caputo fractional derivative, and is a bounded variation function with positive measures with
Our proof is based on the properties of the Green's function and the Guo-Krasnosel'skii fixed point theorem on cone.
Preliminaries
In order to solve problem (7), we provide the properties related to problem (7).
Definition 1 (see [3] ). The Caputo's fractional derivative of order > 0 for a function ∈ [0, +∞) is defined as
where is the smallest integer greater than or equal to .
Lemma 2 (see [3] ). Let > 0. If we assume ∈ (0, 1) ∩ (0, 1), then the fractional differential equation
has the general solution ( ) = 0 + 1 + ⋅ ⋅ ⋅ + −1 −1 , ∈ , = 0, 1 . . . , − 1, where is the smallest integer greater than or equal to .
Lemma 3 (see [3] ). Given that ∈ (0, 1) ∩ (0, 1) with a fractional derivative of order that belongs to (0, 1) ∩ (0, 1). Then
where is the smallest integer greater than or equal to . Firstly, we consider the following linear Caputo fractional differential equation: 
where
and
Proof. Applying the fractional integral of order to both sides of (12) for ∈ [0, 1], we get the following formula:
According to (0) = (0) = 0 and Lemma 3, we obtain
where ∈ . Since (1) = ∫ 1 0 ( ) ( ), we deduce that
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Substituting the above equality into (17) , one has
The proof is completed.
Lemma 5. The Green's function ( , ) has the following properties:
Proof. (i) Obviously, the inequality Γ( ) ( , ) ≤ (1/(1 − ))(1 − ) −1 holds from the representation of ( , ).
(ii) In view of = ∫ 1 0 ( ) < 1 and ∈ (2, 3), we have
For ≤ , we have
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Thus, the above two inequalities yield the inequality in (ii). The proof is completed.
Let : → be the operator defined as
Thus, the fixed point of the above integral equation is equivalent to the solution of the BVP (7).
Lemma 6.
( ) ⊂ and : → is a completely continuous operator, where is defined in (26) .
Proof. By Lemma 5, for ∀ ∈ , we have
Hence we have ( ) ⊂ . Let Ω ⊂ be bounded. Then there exists a constant > 0 such that ‖ ‖ ≤ for ∀ ∈ Ω.
Thus, (Ω) is bounded. Put ∈ Ω and 1 , 2 ∈ [0, 1]. We deduce that
Since , ( −1) , +1 , are uniformly continuous on [0, 1], (Ω) is equicontinuous, by using Arzela-Ascoli's theorem, we can prove that : → is completely continuous. The proof is completed.
The following Guo-Krasnoselskii's fixed point theorem is used to prove the existence of positive solution of (7).
Theorem 7 (see [37] 
then has at least one fixed point in ∩ (Ω 2 \ Ω 1 ).
Existence of Positive Solutions
In this section, we investigate the existence of positive solutions for integral boundary value problems of fractional differential equation (7). For convenience, we denote them by
,
( , ) ,
(1 − ) Proof. Let ∈ (1/ℎ * ∞ , 1/ ℎ 0 ) and > 0 satisfy
According to the definition of ℎ 0 , we know that there exists a constant 1 > 0 such that
Therefore, ‖ ‖ ≤ ‖ ‖ for ∈ ∩ Ω 1 . By the definition of ℎ * ∞ , we know that there exists 2 > 0 such that 
and thus
(1 − )
Therefore, ‖ ‖ ≥ ‖ ‖ for ∈ ∩ Ω 2 . By Theorem 7, if ∈ (1/ℎ * ∞ , 1/ ℎ 0 ), we assert that has a fixed point in ∩ (Ω 2 \ Ω 1 ) and therefore problem (7) has at least one positive solution. The proof is completed. Proof. Let ∈ (1/ ℎ * 0 , 1/ℎ ∞ ) and > 0 such that
According to the definition of ℎ * 0 , there exists a constant 4 > 0 such that
Put Ω 3 = { ∈ : ‖ ‖ < 4 }. Let ∈ ∩ Ω 3 ; we have
Therefore, ‖ ‖ ≥ ‖ ‖ for ∈ ∩ Ω 3 . It follows from the definition of ℎ ∞ that there exists a constant 5 
holds for some > 0.
Therefore, ‖ ‖ ≤ ‖ ‖ for ∀ ∈ ∩ Ω 4 . By Theorem 7, if ∈ (1/ ℎ * 0 , 1/ℎ ∞ ), we conclude that has a fixed point in ∩ (Ω 4 \ Ω 3 ), and so problem (7) has one positive solution. The proof is completed.
Nonexistence of Positive Solutions
In this section, we present some sufficient conditions for nonexistence of positive solution to integral boundary value problems of fractional differential equation (7). (7); then we are going to prove that this leads to a Journal of Function Spaces
which is a contradiction. Therefore this completes the proof. ( ( , )/ )} > 0; then we have ( , ) ≥ for ∈ [0, +∞). Suppose 1 ( ) is a positive solution of problem (7); then we are going to prove that this leads to a contradiction for > * fl 1/ (1 − ). Since
which is a contradiction. Therefore this completes the proof.
Example
Example 1. We consider the following fractional equation:
where = 5/2, ( , ) = 3 − + − 1, ( ) = (1/2) , = 1/4 < 1. We obtain = 8/15Γ(5/2), = 3/64, = 27(9 √ 3 − 1)/1310720Γ(5/2).
It is easy to see that, for all > 0, 
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